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In this paper we show that a smooth toric variety X of Picard number r ≤ 3 always
admits a nef primitive collection supported on a hyperplane admitting non-trivial inter-
section with the cone Nef(X) of numerically effective divisors and cutting a facet of the
pseudo-effective cone Eff(X), that is Nef(X) ∩ ∂Eff(X) 6= {0}. In particular this means
that X admits non-trivial and non-big numerically effective divisors. Geometrically this
guarantees the existence of a fiber type contraction morphism over a smooth toric variety
of dimension and Picard number lower than those of X, so giving rise to a classification of
smooth and complete toric varieties with r ≤ 3. Moreover we revise and improve results
of Oda-Miyake by exhibiting an extension of the above result to projective, toric, varieties
of dimension n = 3 and Picard number r = 4, allowing us to classifying all these three-
folds. We then improve results of Fujino-Sato, by presenting sharp (counter)examples
of smooth, projective, toric varieties of any dimension n ≥ 4 and Picard number r = 4
whose non-trivial nef divisors are big, that is Nef(X)∩ ∂Eff(X) = {0}. Producing those
examples represents an important goal of computational techniques in definitely setting
an open geometric problem. In particular, for n = 4, the given example turns out to be
a weak Fano toric fourfold of Picard number 4.
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Introduction
Throughout the present paper a contraction morphism, or simply a contraction,
is a surjective morphism with connected fibers ϕ : X → B between Q–factorial
complete toric varieties. If dim(B) < dim(X) then ϕ is said of fiber type. Otherwise
ϕ is a birational contraction. In particular a contraction is called
• a fibration f : X → B, if f exhibits X as a locally trivial, torus equivariant,
fiber bundle over the base B, with fixed fiber F ;
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• a fibrational contraction if it is the composition f ◦ φ of a birational con-
traction φ and a fibration f ; its base and fiber are the base and the fiber
of the fibration f , respectively, and its exceptional locus is the exceptional
locus Exc(φ) of the contraction φ;
• a projective toric bundle (PTB) is the projectivization of a decomposable
bundle over a smooth projective toric variety [6, § 7.3].
As a general result, this paper is partly devoted to give a proof of the following:
Theorem 0.1. Let X(Σ) be a smooth and complete n–dimensional toric variety of
Picard number 2 ≤ r ≤ 3. Then there exists a fiber type contraction ϕ : X  B
over a smooth complete toric variety B of dimension m ≤ n− 1 and Picard number
rB ≤ r − 1 such that either B ∼= Pm or B is a PTB over a projective space of
smaller dimension. In particular we get the following:
Classification: if X is a smooth and complete toric variety of Picard number r ≤ 3
then one of the following cases occurs:
(1) r = 1 and X is a projective space;
(2) r = 2 and ϕ : X → B is a fibration exhibiting X as a PTB over a projective
space B ∼= Pm;
(3) r = 3 and ϕ : X → B is a fibration exhibiting X as a PTB over a smooth
toric variety B of Picard number 2; by the previous part (2), B is still a PTB
over a projective space, meaning that X is obtained from a projective space by
a sequence of two projectivizations of decomposable toric bundles;
(4) r = 3 and ϕ : X → B is a fibrational contraction over a projective space
B ∼= Pm, with divisorial exceptional locus and fiber given by a projective space
F ∼= Pn−m;
(5) r = 3 and ϕ : X → B is a fiber type contraction over a projective space B ∼= Pm,
which is neither a fibration nor a fibrational contraction.
When n = dim(X) ≤ 3 the last case (5) cannot occur and ϕ : X → B is either a
fibration or a fibrational contraction.
In the previous statement the word complete is synonymous of projective, by a
celebrated result of P. Kleinschmidt and B. Sturmfels [11]. The classification given
in the second part of the statement descends from the first part by means, point by
point, of the following considerations.
(1) The unique smooth and complete toric variety of Picard number (in the follow-
ing also called rank) r = 1 is the projective space.
(2) For r = 2, the Kleinschmidt classification [10] exhibits every smooth complete
toric variety of rank r = 2 as a PTB over a projective space. Alternatively this
point can be obtained as a byproduct of considerations given for the following
part (3).
(3) For r = 3, the Kleinschmidt classification has been extended by V. Batyrev
to those smooth and complete toric varieties admitting a numerically effective
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(nef) primitive collection (see the following Definition 1.6) which is disjoint from
any further primitive collection [1, Prop. 4.1]: this gives a PTB over a smooth
toric base of Picard number r = 2.
Recently, the fan’s property of admitting a nef primitive collection disjoint from
any further primitive collection, has been shown to be equivalent, in the pro-
jective setup, with the property of being maximally bordering for the corre-
sponding fan chamber γ ∼= Nef(X) of the secondary fan [15, Prop. 3.25], where
bordering means that γ has non–trivial intersection with a facet of the pseudo–
effective cone Eff(X) and maximally means that this intersection has maximal
dimension (see the following Definition 1.8). Since γ ∼= Nef(X) (see either the
following Proposition 1.1 or, better, [6, Thm. 15.1.10]), non-trivial classes in
Nef(X) ∩ ∂Eff(X) determine nef and non-big divisors whose associated mor-
phisms give a fiber type contraction. Namely, on the one hand, the maximally
bordering case dually determines an extremal ray of NE(X) whose contraction
exhibits X as a PTB (see [14, Thm 1.5], [4, Cor. 2.4]), matching the above men-
tioned Batyrev’s description: this fact also follows from [15, Cor. 3.23] which, in
addition, gives a complete description of the base and the fibre of the involved
fibration.
(4),(5) On the other hand, the non-maximally bordering case exhibits an extremal ray
of Nef(X), which turns out to be the pull back ϕ∗(Nef(B)) by a rational contrac-
tion ϕ, according with [9, Prop. 1.11.(3)]. In particular considerations follow-
ing [5, Prop. 2.5] prove that the associated rational contraction ϕ is actually reg-
ular. Moreover the bordering condition for γ = Nef(X) implies that ϕ is a fiber
type contraction over a projective space B ∼= Pm, since dim(ϕ∗(Nef(B))) = 1:
further details clarifying the difference between (4) and (5) are given in § 3.2.(2).
Therefore the proof of Theorem 0.1 reduces to prove the following
Theorem 1.3 Let X(Σ) be a smooth, complete, toric variety of rank r ≤ 3 and
let γΣ = Nef(X) be the associated chamber of the secondary fan. Then Σ admits a
nef primitive collection P such that γΣ is a bordering chamber with respect to the
support hyperplane HP of P (see Def. 1.7), i.e. dim(Nef(X)∩HP ) ≥ 1 and HP cuts
out a facet of the pseudo–effective cone Eff(X). In particular X admits a non-trivial
nef and non-big divisor.
Notice that the existence of a nef primitive collection P of Σ follows from [1,
Prop. 3.2]. Then the statement is obvious for r = 1. For 2 ≤ r ≤ 3 the proof is
obtained by means of Z–linear Gale duality applied to the geometry of the secondary
fan, as developed in [18] and [15].
For what concerns higher values of the Picard number r, let us point out that
there is no hope of extending Theorem 1.3 for r ≥ 5: in [8] Fujino and Sato exhibited
extremely ingenious examples of smooth projective toric varieties of any dimension
n ≥ 3 and rank r ≥ 5 whose non-trivial nef divisors are big i.e. such that Nef(X)∩
∂Eff(X) = {0}. It remains then to understand what happens for:
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• smooth complete and non-projective toric varieties of rank r ≥ 4: this problem
can be easily settled by observing that the famous Oda’s example of a smooth
complete and non-projective toric variety [12, Prop. 9.4], [13, p. 84], exhibits a
3-folds of Picard number 4 whose Nef cone is a 2-dimensional one completely
internal to the pseudo-effective cone, hence showing that every non-trivial nef
divisor is big; this example can be easily generalized on dimension and rank;
• smooth projective toric varieties of rank r = 4: a classical Oda-Miyake result [12,
Thm. 9.6], allows us to extend the statement of Theorem 1.3 to every projective
toric threefold (i.e. smooth 3-dimensional variety) X of Picard number 4: see
Theorem 4.1; in particular every such threefold turns out to admitting non-
big and non-trivial nef divisors; consequently we get a classification in terms
of fibred type birational contractions of all toric threefolds of rank r ≤ 4: see
Theorem 4.2; based on such evidence, one might hope that Theorem 1.3 could
be extended to the case of projective, toric n-fold of rank r = 4; unfortunately
this is not the case and in § 4.3 we give a sharp example of a projective toric
4-fold X of rank r = 4 such that Nef(X) ∩ ∂Eff(X) = {0}: this X turns out to
be already a weak Fano toric 4-fold; such an example can be easily generalized
on every dimension n ≥ 4 (see § 4.4), unfortunately loosing the weak Fano
condition when dimension is greater than 4.
We believe that the latter is an interesting improvement of Fujino and Sato results,
since “in general, it seems to be hard to find those examples” [8, pg. 1]. In fact
examples in § 4.3 and § 4.4 have to be considered among main results of the present
paper. Let us remark that we could produce them only by means of Maple proce-
dures stressing smoothness conditions and combinatoric analysis on the secondary
fan by employing Z-linear Gale duality’s techniques, as developed in [18]. We then
performed a geometric analysis of such an example following [15]. The construction
of examples in § 4.3 and § 4.4 shows the utility of the employment of computational
geometry routines in definitely setting open theoretic questions. In fact it would be
probably impossible to find those examples by hand, following appropriate ideas
and geometric constructions, as Fujino and Sato did in [8] for examples of Picard
number greater than 4.
The paper is organized as follows. After some preliminaries, in § 1 we state
Theorem 1.3. § 2 and § 3 are devoted to prove this theorem when r = 2 and r =
3, respectively. § 3.2 is dedicated to giving necessary details proving Theorem 0.1
starting from Theorem 1.3. In § 3.3 we discuss two examples giving all the possible
situations occurring in the classification of Theorem 0.1. Finally § 4 is devoted to
discussing the generalization of Theorem 1.3 to higher values of the Picard number.
1. Preliminaries, notation and the general result
In the present paper we deal with either Q–factorial or smooth projective toric
varieties, hence associated with either simplicial or regular, respectively, complete
fans. For preliminaries and used notation on toric varieties we refer the reader
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to [18, § 1.1]. We will also apply Z–linear Gale duality as developed in [18, § 2].
Every time the needed nomenclature will be recalled either directly by giving the
necessary definition or by reporting the precise reference. Here is a list of main
notation and relative references:
1.1. List of notation
Let X(Σ) be a n–dimensional toric variety and T ∼= (C∗)n the acting torus, then
M,N,MR, NR denote the group of characters of T , its dual group and
their tensor products with R, respectively;
Σ ⊆ NR is the fan defining X;
Σ(i) is the i–skeleton of Σ, which is the collection of all the
i–dimensional cones in Σ;
r = rk(X) is the Picard number of X, also called the rank of X;
F rR
∼= Rr, is the R–linear span of the free part of Cl(X(Σ));
F r+ is the positive orthant of F
r
R ∼= Rr;
〈v1, . . . ,vs〉 ⊆ NR denotes the cone generated by the vectors v1, . . . ,vs ∈ NR;
if s = 1 then this cone is also called the ray generated by v1;
L(v1, . . . ,vs) ⊆ N denotes the sublattice spanned by v1, . . . ,vs ∈ N ;
LR(v1, . . . ,vs) := L(v1, . . . ,vs)⊗Z R .
Let A ∈M(d,m;Z) be a d×m integer matrix, then
Lr(A) ⊆ Zm denotes the sublattice spanned by the rows of A;
Lc(A) ⊆ Zd denotes the sublattice spanned by the columns of A;
AI , A
I ∀ I ⊆ {1, . . . ,m} the former is the submatrix of A given by
the columns indexed by I and the latter is the submatrix of
A whose columns are indexed by the complementary
subset {1, . . . ,m}\I;
REF Row Echelon Form of a matrix;
positive (≥ 0) a matrix (vector) whose entries are non-negative.
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Given a F–matrix V = (v1, . . . ,vn+r) ∈M(n, n+ r;Z) (see Definition 1.2 below),
then
〈V 〉 = 〈v1, . . . ,vn+r〉 ⊆ NR denotes the cone generated by the columns of V ;
〈V 〉(i) = is the set of all the i–dimensional faces of 〈V 〉 ;
SF(V ) = SF(v1, . . . ,vn+r) is the set of all rational simplicial fans Σ such that
Σ(1) = {〈v1〉, . . . , 〈vn+r〉} ⊂ NR and |Σ| = 〈V 〉 [18, Def. 1.3];
PSF(V ) := {Σ ∈ SF(V ) | X(Σ) is projective};
G(V ) = Q is a Gale dual matrix of V [18, § 3.1];
Q = 〈G(V )〉 ⊆ F r+ is a Gale dual cone of 〈V 〉 : it is always assumed to be
generated in F rR by the columns of a positive REF matrix Q = G(V )
(see [18, Thms. 3.8, 3.18]).
1.2. Z–linear Gale duality
Let us start by recalling the Z–linear interpretation of Gale duality following the
lines of [18, § 3], to which the interested reader is referred for any further detail.
Definition 1.1. A n–dimensional Q–factorial complete toric variety X = X(Σ) of
rank r is the toric variety defined by a n–dimensional simplicial and complete fan
Σ such that |Σ(1)| = n+ r [18, § 1.1.2]. In particular the rank r coincides with the
Picard number i.e. r = rk(Pic(X)). A matrix V ∈ Mat(n, n+ r;Z), whose columns
are given by elements of the monoids ρ ∩N , one for every ρ ∈ Σ(1), is called a fan
matrix of X. If every such element is actually a generator of the associated monoid
ρ ∩ N , i.e. it is a primitive element of the ray ρ, then V is called a reduced fan
matrix.
Definition 1.2. [18, Def. 3.10] An F–matrix is a n× (n+r) matrix V with integer
entries, satisfying the conditions:
a) rk(V ) = n;
b) V is F–complete i.e. 〈V 〉 = NR ∼= Rn [18, Def. 3.4];
c) all the columns of V are non zero;
d) if v is a column of V , then V does not contain another column of the form λv
where λ > 0 is real number.
A CF–matrix is a F -matrix satisfying the further requirement
e) the sublattice Lc(V ) ⊂ Zn is cotorsion free, which is Lc(V ) = Zn or, equiva-
lently, Lr(V ) ⊂ Zn+r is cotorsion free.
A F–matrix V is called reduced if every column of V is composed by coprime
entries [18, Def. 3.13]. A (reduced) fan matrix of a Q–factorial complete toric variety
X(Σ) is always a (reduced) F–matrix.
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Definition 1.3. [18, Def. 3.9] A W–matrix is an r× (n+ r) matrix Q with integer
entries, satisfying the following conditions:
a) rk(Q) = r;
b) Lr(Q) has not cotorsion in Zn+r;
c) Q is W–positive, which is Lr(Q) admits a basis consisting of positive vectors
(see list 1.1 and [18, Def. 3.4]).
d) Every column of Q is non-zero.
e) Lr(Q) does not contain vectors of the form (0, . . . , 0, 1, 0, . . . , 0).
f) Lr(Q) does not contain vectors of the form (0, a, 0, . . . , 0, b, 0, . . . , 0), with ab <
0.
A W–matrix is called reduced if V = G(Q) is a reduced F–matrix [18, Def. 3.14,
Thm. 3.15].
The Gale dual matrix Q = G(V ) of a fan matrix V of a Q–factorial complete toric
variety X(Σ) is a W–matrix called a weight matrix of X.
Definition 1.4. [18, Def. 2.7] A poli–weighted space (PWS) is a n–dimensional Q–
factorial complete toric variety Y (Σ̂) of rank r, whose reduced fan matrix V̂ is a
CF–matrix i.e. if
• V̂ is a n× (n+ r) CF–matrix,
• Σ̂ ∈ SF(V̂ ).
Let us recall that a Q–factorial complete toric variety Y is a PWS if and only if
it is 1-connected in codimension 1 [3, § 3], which is pi11(Y ) ∼= Tors(Cl(Y )) = 0 [16,
Thm. 2.1]. In particular a smooth complete toric variety is always a PWS.
1.3. The secondary fan
Let us now recall the Z–linear interpretation of the secondary fan, as done in [15,
§ 1.2], to which the interested reader is referred for any further detail.
Definition 1.5. [15, Def. 1.6] Let Q be a positive, REF and reduced W -matrix
and Q = 〈Q〉. Let Sr be the family of all the r–dimensional subcones of Q obtained
as intersection of simplicial subcones of Q generated by columns of Q. Then define
the secondary fan (or GKZ decomposition) of Q to be the set Γ = Γ(Q) of cones in
F r+ such that
• its subset of r–dimensional cones (the r–skeleton) Γ(r) is composed by the
minimal elements, with respect to the inclusion, of the family Sr,
• its subset of i–dimensional cones (the i–skeleton) Γ(i) is composed by all the
i–dimensional faces of cones in Γ(r), for every 1 ≤ i ≤ r − 1.
A maximal cone γ ∈ Γ(r) is called a chamber of the secondary fan Γ. Finally define
Mov(Q) :=
n+r⋂
i=1
〈
Q{i}
〉
, (1.1)
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where
〈
Q{i}
〉
is the cone generated in F r+ by the columns of the submatrix Q
{i} of
Q (see the list of notation 1.1).
The fact that Γ is actually a fan is a consequence of the following
Theorem 1.1. If V is a reduced F–matrix and Q = G(V ) is a positive and REF
W -matrix then, for every Σ ∈ SF(V ),
(1) Q = Eff(X(Σ)), the pseudo–effective cone of X, which is the closure of the cone
generated by effective Cartier divisor classes of X [6, Lemma 15.1.8],
(2) Mov(Q) = Mov(X(Σ)), the closure of the cone generated by movable Cartier
divisor classes of X [6, (15.1.5), (15.1.7), Thm. 15.1.10, Prop. 15.2.4].
(3) Γ(Q) is the secondary fan (or GKZ decomposition) of X(Σ) [6, § 15.2]. In
particular Γ is a fan and |Γ| = Q ⊂ F r+.
Theorem 1.2. [6, Prop. 15.2.1] There is a one to one correspondence between the
following sets
AΓ(Q) := {γ ∈ Γ(r) | γ ⊂ Mov(Q)}
PSF(V ) := {Σ ∈ SF(V ) | X(Σ) is projective} .
For the following it is useful to understand the construction of such a correspon-
dence. Namely (compare [6, Prop. 15.2.1]):
• after [2], given a chamber γ ∈ AΓ let us call the bunch of cones of γ the collection
of cones in F r+ given by
B(γ) := {〈QJ〉 | J ⊂ {1, . . . , n+ r}, |J | = r, det (QJ) 6= 0, γ ⊂ 〈QJ〉}
(see also [6, p. 738]),
• it turns out that
γ =
⋂
β∈B(γ)
β , (1.2)
• for any γ ∈ AΓ(Q) there exists a unique fan Σγ ∈ PSF(V ) such that
Σγ(n) :=
{〈
V J
〉 | 〈QJ〉 ∈ B(γ)} ,
• for any Σ ∈ PSF(V ) the collection of cones
BΣ :=
{〈
QI
〉 | 〈VI〉 ∈ Σ(n)} (1.3)
is the bunch of cones of the chamber γΣ ∈ AΓ given by γΣ :=
⋂
β∈BΣ β.
Then the correspondence in Theorem 1.2 is realized by setting
AΓ(Q) ←→ PSF(V )
γ 7−→ Σγ
γΣ 7 −→ Σ
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Let us moreover recall that if V is a CF–matrix then
∀ I ⊂ {1, . . . , n+ r} : |I| = n |det(VI)| = |det(QI)| (1.4)
[18, Cor. 3.3]. Therefore a regular fan determines a regular bunch of cones and
viceversa.
As a final result let us recall the following
Proposition 1.1. [6, Thm. 15.1.10(c)] If V = (v1 . . . ,vn+r) is a F–matrix then,
for every fan Σ ∈ PSF(V ), there is a natural isomorphism Pic(X(Σ)) ⊗ R ∼= F rR
taking the cones
Nef(X(Σ)) ⊆ Mov(X(Σ)) ⊆ Eff(X(Σ))
to the cones
γΣ ⊆ Mov(Q) ⊆ Q .
In particular, calling d : WT (X(Σ)) → Cl(X(Σ)) the morphism giving to a torus
invariant divisor D its linear equivalence class d(D), we get that a Weil divisor D
on X(Σ) admits a nef (ample) positive multiple if and only if d(D) ∈ γΣ ( d(D) ∈
Relint (γΣ), where Relint denotes the interior of the cone γΣ in its linear span).
1.4. Primitive collections and relations
Let V = (v1, . . . ,vn+r) be a reduced F–matrix and consider a fan Σ ∈ SF(V ).
The datum of a collection of rays P = {ρ1, . . . , ρk} ⊆ Σ(1) determines a subset
P = {j1, . . . , jk} ⊆ {1, . . . , n+ r} such that
P = {ρ1, . . . , ρk} = {〈vj1〉, . . . , 〈vjk〉}
and a submatrix VP of V . By abuse of notation we will often write
P = {vj1 , . . . ,vjk} = {VP } .
From the point of view of the Gale dual cone Q = 〈Q〉, where Q = (q1, . . . ,qn+r) =
G(V ) is a reduced, positive, REF, W–matrix, the subset P ⊆ {1, . . . , n+ r} deter-
mines the collection P∗ = {〈qj1〉, . . . , 〈qjk〉} ⊆ Γ(1). By the same abuse of notation
we will often write
P∗ = {qj1 , . . . ,qjk} = {QP } .
The vector vP :=
∑k
i=1 vji lies in the relative interior of a cone σ ∈ Σ and there is
a unique relation
vP −
∑
ρ∈σ(1)
cρvρ = 0 , with cρ ∈ Q , cρ > 0 (1.5)
where vρ is the column of V generating ρ ∩ N as a monoid. This fact allows us
to define a rational vector r(P ) = r(P) = (b1, . . . , bn+r) ∈ Qn+r, where bj is the
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coefficient of the column vj of V in (1.5). Let l be the least common denominator
of b1, . . . , bn+r. Then,
rZ(P ) = rZ(P) := l r(P) = (lb1, . . . , lbn+r) ∈ Lr(Q) ⊂ Zn+r . (1.6)
Definition 1.6. A collection P := {ρ1, . . . ρk} ⊂ Σ(1) is called a primitive collection
for Σ if P is not contained in a single cone of Σ but every proper subset is (compare
[1, Def. 2.6], [7, Def. 1.1], [6, Def. 5.1.5]).
If P is a primitive collection then it is determined by the positive entries of
rZ(P) in (1.6). For the details see [7, Lemma 1.8]). This is no more the case if P is
not a primitive collection.
Recall that the transposed fan matrix V T and the transposed weight matrix QT of
a Gale dual Q = G(V ) are representative matrices of the morphisms div and d∨,
respectively, in the following standard exact sequence
0 // M
div
V T
// WT (X) = Zn+r d // Cl(X) // 0 (1.7)
and in the dual sequence of it
0 // A1(X) := Hom(Cl(X),Z)
d∨
QT
// Hom(WT (X),Z) = Zn+r div
∨
V
// N (1.8)
Then (1.6) gives that rZ(P ) ∈ Im(d∨). Since d∨ is injective there exists a unique
nP ∈ A1(X) such that
d∨(nP ) = QT · nP = rZ(P ) (1.9)
which turns out to be the numerical equivalence class of the 1-cycle rZ(P ), whose
intersection index with the torus–invariant Weil divisor lDj , where Dj denotes the
closure of the torus orbit of the ray 〈vj〉, is given by the integer lbj , for every
1 ≤ j ≤ n+ r. In particular, given a primitive collection P the associated primitive
relation rZ(P ) is a numerically effective 1-cycle (nef) if and only if all the coefficients
lbj in (1.6) are non-negative: in this case P will be called a numerically effective
(nef) primitive collection.
Definition 1.7. Given a collection P = {VP }, for P ⊆ {1, . . . , n+r}, its associated
numerical class nP ∈ N1(X) := A1(X) ⊗ R, defined in (1.9), determines a unique
dual hyperplane
HP ⊆ F rR = Cl(X)⊗ R
which is called the support of P.
The following proposition gives some further characterization of a primitive col-
lection.
Proposition 1.2. [15, Prop. 2.2] Let V be a reduced F–matrix, Q = G(V ) be a
Gale dual REF, positive W–matrix, Σ ∈ PSF(V ) and P ⊆ {1, . . . , n+ r} such that
P = {VP } is a primitive collection for Σ. Then 2 ≤ |P| = |P | ≤ n + 1 and the
following facts are equivalent:
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(1) P is a primitive collection for Σ, which is
(i.1) ∀σ ∈ Σ(n) P * σ(1),
(ii.1) ∀ ρi ∈ P ∃σ ∈ Σ(n) : P\{ρi} ⊆ σ(1);
(2) VP is a submatrix of V such that
(i.2) ∀ J ⊆ {1, . . . , n+ r} : 〈VJ〉 ∈ Σ(n) 〈VP 〉 * 〈VJ〉,
(ii.2) ∀ i ∈ P ∃ J ⊆ {1, . . . , n+ r} : 〈VJ〉 ∈ Σ(n) , 〈VP\{i}〉 ⊆ 〈VJ〉;
(3) QP is a submatrix of Q = G(V ) such that
(i.3) ∀ J ⊆ {1, . . . , n+ r} : 〈QJ〉 ∈ B(γΣ) 〈QJ〉 * 〈QP 〉,
(ii.3) ∀ i ∈ P ∃ J ⊆ {1, . . . , n+ r} : 〈QJ〉 ∈ B(γΣ) , 〈QJ〉 ⊆ 〈QP\{i}〉;
(4) QP is a submatrix of Q = G(V ) such that
(i.4) γΣ * 〈QP 〉,
(ii.4) ∀ i ∈ P γΣ ⊆ 〈QP\{i}〉.
Moreover the previous conditions (ii.1), (ii.2), (ii.3), (ii.4) are equivalent to the
following one:
(ii) ∀ i ∈ P ∃ Ci,P ∈ B(γΣ) : Ci,P (1) ∩ P∗ = {〈qi〉} .
1.5. The general result: when a smooth chamber is bordering?
Let us first of all introduce the following
Definition 1.8 (Bordering collections and chambers). [15, Def. 3.5]
(1) Let V be a reduced F–matrix and Q = G(V ) a REF, positive W–matrix. A
collection P = {VP }, for some P ∈ P, is called bordering if its support HP cuts
out a facet of the Gale dual cone Q = 〈Q〉.
(2) A chamber γ ∈ Γ(Q) is called bordering if dim(γ ∩∂Q) ≥ 1. Notice that γ ∩∂Q
is always composed by faces of γ: if it contains a facet of γ then γ is called
maximally bordering (maxbord for short). A hyperplane H cutting a facet of Q
and such that dim(γ ∩ H) ≥ 1 is called a bordering hyperplane of γ and the
bordering chamber γ is also called bordering with respect to H. A normal vector
n to a bordering hyperplane H is called inward if n · x ≥ 0 for every x ∈ γ.
(3) A bordering chamber γ ∈ Γ(Q), w.r.t. the hyperplane H, is called internal
bordering (intbord for short) w.r.t. H, if either γ is maxbord w.r.t H or there
exists an hyperplane H ′, cutting a facet of γ and such that
(i) γ ∩H ⊆ γ ∩H ′
(ii) ∃q1,q2 ∈ H ∩Q(1) : (n′ · q1)(n′ · q2) < 0
where n′ is the inward primitive normal vector of H ′.
Notice that a primitive collection P = {VP } is bordering if and only P is nef, i.e.
rZ(P) is a numerically effective 1-cycle.
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Theorem 1.3. Let X(Σ) be a smooth complete toric variety of rank r ≤ 3 (hence
projective, by [11]) and γΣ ⊆ Mov(Q) be the associated chamber of the secondary
fan. Then Σ admits a nef primitive collection P such that γΣ is a bordering chamber
with respect to the support hyperplane HP of P. In particular X admits a non-trivial
nef and non-big divisor.
2. The case of Picard number r = 2
Let us start by proving Theorem 1.3 for r = 2.
Fig. 1: The Gale dual cone Q = F 2+.
Let V = (v1, . . . ,vn+2) ∈ Mat(n, n + 2;Z) be a reduced fan matrix of X(Σ)
and Q = G(V ) = (q1, . . . ,qn+2) ∈ Mat(2, n + 2;Z) be an associated positive REF
weight matrix. Recalling the argument proving [15, Thm. 2.1], and revising the
Kleinschmidt argument for classifying smooth and complete toric varieties of rank
r = 2 [10], up to left multiplication by a unimodular matrix and a possible rear-
rangement of columns, the W–matrix Q and the chamber γΣ can be assumed to be
in the following form
Q =
j1≥2︷ ︸︸ ︷(
1 · · · 1
0 · · · 0
q1,j1+1 · · · q1,j2 0n+2−j2
1 · · · 1 1n+2−j2
)
with γΣ = 〈qj1 ,qj1+1〉 (2.1)
as described in Fig. 1. Then P := {vj | j ≥ j1 + 1} is a primitive nef collection of Σ,
whose primitive relation is given by the bottom row of Q. Moreover γΣ is clearly
maxbord w.r.t. the support hyperplane HP = {x2 = 0} ⊂ Cl(X)⊗ R ∼= R2.
3. The case of Picard number r = 3
The proof of Theorem 1.3 for r = 3 turns out to be significantly more intricate than
the previous case r = 2.
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Let us start by considering a nef primitive collection P = {VP } for a projective
fan Σ ∈ PSF(V ), whose support is a plane HP ⊂ F 3R cutting out a facet of Q ⊆ F 3+:
such a primitive collection certainly exists when Σ is regular, by [1, Prop. 3.2].
Fig. 2: The section of the positive orthant F 3+, cut out by the plane
∑3
i=1 xi = 1, de-
scribing the situation of Lemma 3.2.
Lemma 3.1. ∀β ∈ B(γΣ) β(1) ∩ {QP } 6= ∅
Since this result holds for every r ≥ 1, we postpone its proof to the section §4
Let us now set B′(γΣ) := {β ∈ B(γΣ) : |β(1) ∩ {QP }| = 2}. Then we get the
following
Lemma 3.2. ∀β ∈ B(γΣ) \ B′(γΣ) ∃β1, β2 ∈ B′(γΣ) : β1 ∩ β2 ⊆ β .
Proof. First of all recall that every β ∈ B(γΣ) is a simplicial cone generated by
r = 3 vectors in F 3+, by the definition of a bunch of cones we gave above in § 1.3.
Then Lemma 3.1 implies that |β(1)∩P∗| = 2 for every β ∈ B(γΣ)\B′(γΣ), since P∗
is given by all columns of Q not belonging to {QP }, as defined in § 1.4. Therefore
β = 〈qi,qj ,q〉 , with qi,qj ∈ P∗ and q ∈ HP .
P is a primitive collection, meaning that γΣ ⊆ 〈QP\{i}〉 ∩ 〈QP\{j}〉, by Proposi-
tion 1.2.(ii.4). Notice that 〈QP\{i}〉 is a cone admitting the unique ray 〈qi〉 outside
the support plane HP , and analogously for 〈QP\{j}〉: see Fig. 2 for fixing ideas.
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In particular γΣ ⊆ 〈QP\{i}〉 ∩ β, meaning that there exists a column q′ of Q in
HP , lying on the same side of qj with respect to the facet 〈qi,q〉 of β, and such that
γΣ ⊆ 〈qi,q′,q〉; otherwise γΣ would be included in the 2-dimensional cone 〈qi,q〉,
which is not possible as the fan Σ determines a projective variety. Analogously there
exists a column q′′ of Q in HP lying on the same side of qi with respect to the facet
〈qj ,q〉 of β, and such that γΣ ⊆ 〈qj ,q′,q〉. Set β1 := 〈qi,q′,q〉 , β2 := 〈qj ,q′′,q〉;
then it is easy to verify that β1 ∩ β2 ⊆ β. Moreover β1, β2 ∈ B(γΣ) \ B′(γΣ), as
q,q′,q′′ ∈ QP .
Corollary 3.1. γΣ =
⋂
β∈B′(γΣ) β
Proof. By Lemma 3.2, clearly γΣ ⊆
⋂
β∈B′(γΣ) β.
For the converse, notice that x 6∈ γΣ implies x 6∈
⋂
β∈B′(γΣ) β. In fact, recalling
relation (1.2) following Theorem 1.2, if x 6∈ γΣ then there exists β ∈ B(γΣ) such
that x 6∈ β. Then Lemma 3.2 gives two cones β1, β2 ∈ B′(γΣ) such that x 6∈ β1 ∩β2.
Fig. 3: A smooth chamber cannot be no bordering
Consequently, Corollary 3.1 allows us to conclude the proof of Theorem 1.3 by
observing that the situation described in Fig. 3 cannot occur when Σ is a regular
fan. In fact, consider β1 = 〈p1,q3,q4〉, β2 = 〈p2,q1,q2〉 ∈ B′(γΣ) with pi ∈ P∗ and
qj ∈ HP , for 1 ≤ i ≤ 2 and 1 ≤ j ≤ 4. Since HP is a plane, q3 6∈ 〈q1,q2〉 and q1,q2
are linearly independent, then
∃ a, b ∈ Z : q3 = aq1 + bq2 and ab < 0 .
February 25, 2020 9:43 WSPC/INSTRUCTION FILE Smooth˙def
Fibration of smooth projective toric varieties 15
Let n be the inward normal vector to the facet of β2 passing through p2,q1. Clearly
the cone β′2 = 〈p2,q1,q3〉 belongs to B′(γΣ). Then, recalling condition (1.4), the
regularity of Σ imposes that
1 = det(p2,q1,q3) = n · (aq1 + bq2) = b ⇒ a < 0 .
Analogously, β′1 = 〈p1,q2,q4〉 ∈ B′(γΣ) gives q2 = a′q4 + q3 with a′ < 0. Then
q3 = aq1 + q2 = aq1 + a
′q4 + q3 ⇒ aq2 + a′q4 = 0
contradicting the positivity of both q2 and q4.
3.1. An alternative proof of Theorem 1.3
We are now going to sketch an alternative proof of Theorem 1.3 obtained by working
out a comment of Cinzia Casagrande to a first draft of the present paper. In spite
of the fact that the following proof may look easier than the previous one, notice
that the former requires the deep Batyrev’s analysis of primitive relations, given
in [1, § 5, § 6] and needed to prove its Thm. 6.6. Moreover the previous proof shed
some light on the case of higher rank values, involving results whose holdness goes
beyond the bound r ≤ 3 (as for Lemma 3.1 and Theorem 4.1), on the contrary of
Batyrev’s analysis of primitive relations which is strictly related with the Picard
number r = 3.
First of all, let us recall that [7, Thm. 1.6] exhibits the Mori cone NE(X(Σ)) as
the cone generated by the primitive relations of Σ. Dually this means that every
hyperplane supporting a primitive collection either cuts out a facet of Nef(X(Σ)) =
γΣ or is a positive linear combination of some further supporting hyperplanes. When
r = 2 bordering means maximally bordering and the Kleinschmidt classification
and Batyrev’s considerations given in [1, § 4] end up the proof. Let us then assume
r = 3. Then [1, Thm. 5.7] shows that Σ admits either 3 or 5 primitive relations. In
the first case, γΣ turns out to be simplicial and [1, Prop. 4.1, Thm. 4.3] show that
Σ is a splitting fan admitting a nef primitive collection, hence proving that γΣ is
(maximally) bordering. In the second case, [1, Thm. 5.7, Thm. 6.6] shows that Σ
has 5 primitive relations given by
v + y = cz + bt + t (3.1)
y + z = u (3.2)
z + t = 0 (3.3)
t + u = y (3.4)
u + v = cz + bt (3.5)
where
v :=
v∑
i=1
vi , y :=
y∑
i=1
yi , cz :=
z∑
i=1
cizi , v :=
v∑
i=1
vi , bt :=
t∑
i=1
biti , u :=
u∑
i=1
ui
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with {v1, . . . ,vv}, {y1, . . . ,yy}, {z1, . . . , zz}, {t1, . . . , tt}, {u1, . . . ,uu} disjoint sub-
sets of columns of a fan matrix V of X such that v + y + z + t + u = n + 3 and
b1, . . . , bt, c1, . . . , cz nonnegative integral coefficients. Therefore (3.3) = (3.2) + (3.4)
and (3.5) = (3.1) + (3.4), showing that γΣ is simplicial and bordering w.r.t. the
support of the nef primitive relation (3.3).
3.2. About the proof of Theorem 0.1
Given a nef primitive collection P = {VP } whose support HP cuts out a facet of
Q = 〈Q〉, Theorem 1.3 ensures that the chamber γΣ of a regular fan Σ is bordering
w.r.t. HP . When r = 3, there are three cases:
(1) γΣ is maxbord w.r.t HP , which is dim(γΣ ∩HP ) = 2: in this case there exists
a fibration f : X(Σ) → B over a smooth toric variety B of rank s = 2 and
dimension m < n, hence B is a PTB over a projective space [10], whose fibre F
has rank r − s = 1, giving F ∼= Pn−m and proving part (3) of Theorem 0.1. As
already mentioned in the introduction, the existence of f can be deduced as a
consequence of one of the following considerations:
• as the morphism associated with the linear system of any non trivial divisor
whose class is in γΣ ∩HP , which is clearly nef and non-big,
• HP cuts out a facet of γΣ = Nef(X(Σ)), hence dually determines the
extremal ray of the Mori cone NE(X) generated by the inward normal
vector nP , which is the numerical class of the primitive relation rZ(P):
think of f as the contraction of 〈nP 〉, in the sense of Mori Theory, which
is a fibration without any exceptional locus [14, Thm 1.5], [4, Cor. 2.4];
• Batyrev’s result [1, prop. 4.1], describing X as a PTB over B, when is
proved that the primitive collection P is disjoint from any further primitive
collection of Σ: this is equivalent to the maxbord condition for γΣ by [15,
Prop. 3.25];
• our result [15, Cor. 3.23], which in addition gives a complete description
of the PTB B starting from the weight matrix Q.
(2) γΣ is intbord and not maxbord w.r.t. HP ; then dim(γΣ ∩HP ) = 1 and condi-
tions (i) and (ii) in Definition 1.8.(3) occur; the plane H ′ cuts out a facet of
γΣ = Nef(X) : dualizing the description of NE(X) given by D. Cox and C. von
Renesse [7, Propositions 1.9 and 1.10], H ′ turns out to be the support of a prim-
itive collection P ′ = {VP ′}; the numerical class n′ of P ′ defines a contractible
class giving rise to a contraction φ : X → X ′ such that
Exc(φ) =
⋂
j :n′·qj<0
Dj where Dj = O(〈vj〉) ∈ WT (X)
(see [4, Thm. 2.2]); in particular the pull back φ∗(Nef(X ′)) = H ′ ∩ γΣ meaning
that X ′ has rank r − 1 = 2; there follows two possibilities:
(a) φ is a blow up, hence Exc(φ) is a divisor and X ′ is a smooth toric variety
of Picard number r′ = 2: an example of this situation is given by γ2 in
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Example 3.1 and Fig.5; applying part (2) of Theorem 0.1, X ′ turns out to
be a PTB over a projective space, giving a fibration
f : X ′ → B ∼= Pm
with m < n; the composition ϕ = f ◦ φ gives the fibrational contraction ϕ
claimed in part (4) of Theorem 0.1; notice that this case can occur if and
only if |{j : n′ · qj < 0}| = 1, which is, recalling (1.1), if and only if H ′
cuts out a facet of Mov(X);
Fig. 4: γΣ no maxbord and no intbord cannot occur when γΣ is a regular chamber
(b) φ is a small contraction and H ′ cuts out an internal wall of Mov(X), sep-
arating the two chambers γΣ, γΣ˜: therefore X(Σ) and X˜(Σ˜) are birational
toric varieties isomorphic in codimension 1 i.e. they are connected by an
elementary toric flip determined by an internal wall crossing [6, (15.3.14)];
then there exists a further hyperplane H ′′, cutting out a facet of γΣ˜, such
that
HP ∩ γΣ = H ′ ∩HP ∩ γΣ = H ′′ ∩H ′ ∩HP ∩ γΣ ;
up to apply a finite number of such elementary flips we can assume that
H ′′ cuts out a facet of Mov(X): Example 3.2 and Fig. 6 give an instance
of this situation; we have then two possibilities
– either H ′′ cuts out a facet of Q, which is γΣ˜ is maxbord and X˜ is a
weighted projective toric bundle (WPTB) X˜ → B, as in [15, § 3.3]: in
this case the base B is Q-factorial with rank 2 and it is still a WPTB
B → Pm over a projective space,
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– or X˜ is a blow up of a WPTB X ′′ → B ∼= Pm, since X ′′ has rank
r − 1 = 2;
in any case, HP ∩γΣ is the pull back ϕ∗(Nef(Pm)) by a fiber type contrac-
tion morphism ϕ (see considerations following Prop. 2.5 in [5]), so proving
part (5) of Theorem 0.1;
to finish the proof we have to notice that Exc(φ) cannot be trivial, in fact
• if |{j : n′ · qj < 0}| = 0 then γΣ would be maxbord w.r.t. H ′ and we can
apply the previous argument (1), by replacing HP with H
′, and obtaining
Theorem 0.1.(3),
• Proposition 1.2 gives |P ′| ≥ 2 and at least r − 1 = 2 columns of Q deter-
mines H ′, giving
|{j : n′ · qj < 0}| ≤ n+ r − 2− 2 = n− 1 ⇒ dim(Exc(φ)) ≥ 1 ;
finally notice that last case (b) cannot occur when n ≤ 3: in fact, in this case
γΣ is an internal chamber of Mov(X), intbord and not maxbord w.r.t. HP and
such that every plane H ′, cutting a facet of γΣ and verifying conditions (i) and
(ii) in Definition 1.8.(3), cannot cut out a facet of Mov(X), otherwise we would
be in case (a): the situation described in Fig. 6 may be useful to fixing ideas;
then there should exist at least 7 columns of the weight matrix Q, namely given
by:
• 〈q3〉 = HP ∩ γΣ,
• two columns q6,q7 determining the two facet of γΣ meeting in q3; that
is 〈q3,q6〉 and 〈q3,q7〉 are facets of γΣ cut out by planes H ′ and H ′′,
respectively, admitting inward normal vectors n′ and n′′, respectively,
• two further columns q2,q4 determining two facets of Mov(X); that is
〈q2,q3〉 and 〈q3,q4〉 are facets of Mov(X) : notice that these two facets
have to be necessarily distinct from the previous facets of γΣ = Nef(X),
otherwise we would be in case (a), getting a divisorial contraction deter-
mined by either n′ or n′′,
• finally, two further columns q1,q5 determining the facet 〈q1,q5〉 of Q =
Eff(X) , cut out by HP , and verifying the intbord condition (ii) in Defini-
tion 1.8.(3), for γΣ ; notice that q1,q2,q4,q5 have to give distinct columns
of Q because n′ and n′′ have to satisfy the following numerical conditions
|{j : n′ · qj < 0}| ≥ 2 , |{j : n′′ · qj < 0}| ≥ 2
otherwise we would have a divisorial contraction, as in case (a);
but
7 ≤ n+ r = n+ 3 ⇒ n ≥ 4 ;
(3) γΣ is no intbord w.r.t HP ; since Theorem 1.3 implies that γΣ is bordering w.r.t.
HP , we are necessarily in the case represented in Fig. 4, which cannot occur
since P = {VP } is a primitive collection. In fact, if β = 〈q,qi,qj〉 ∈ B(γΣ)
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with qi,qj ∈ P∗, q be a column of Q belonging to the intersection of HP with
a further facet of Q, then Proposition 1.2.(ii.4) implies that γΣ ⊆ 〈QP\{j}〉,
contradicting the fact that γΣ ⊆ β (see Fig. 4).
3.3. Examples
Example 3.1. Let us here consider and continue an example partly discussed in [15,
Ex. 3.40]. Consider the following reduced F and W matrices, V and Q respectively,
Fig. 5: The section of the cone Mov(Q) and its chambers, inside the Gale dual cone
Q = F 3+, as cut out by the plane
∑3
i=1 x
2
i = 1, when V is the fan matrix given in
Example 3.1
V =
 1 0 0 0 −1 10 1 0 0 −1 1
0 0 1 −1 −1 1
 =⇒ Q =
1 1 1 0 1 00 0 1 1 0 0
0 0 0 0 1 1
 = G(V ) .
One can visualize the Gale dual cone Q = 〈Q〉 = F 3+ and Mov(Q) ⊆ Q as in
Fig. 5. Recalling [11], PSF(V ) = SF(V ) and the latter is described by the only
two chambers γ1, γ2 of Mov(Q) represented in Fig. 5. We get then two Q–factorial
projective toric varieties Xi = Xi(Σγi) , i = 1, 2 , of dimension and rank 3: both
X1 and X2 are smooth. Since r = 3, we are either in case (3) or in case (4) of
Theorem 0.1.
ForX1 we are in case (3), being γ1 maxbord with respect to both the hyperplanes
H2 : x2 = 0 and H3 : x3 = 0. This fact can also be deduced by the weight
matrix Q, which is essentially invariant (i.e. up to reordering the columns to still
get a REF) with respect to the exchange of the second and the third rows. We get
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then two fibrations f ′ : X1  B′ and f ′′ : X1  B′′, over smooth toric surfaces
of rank 2, B′, B′′, both geometrically given by the blow up of P2 in one point,
B′ ∼= P (OP1 ⊕OP1(1)) ∼= B′′. This fact allows us to exhibit X1 as a sequence of two
consecutive PTB in twofold way:
X1 ∼= P (OB′ ⊕OB′(h)) // // B′ ∼= P (OP1 ⊕OP1(1)) // // P1
X1 ∼= P (OB′′ ⊕OB′′(h)) // // B′′ ∼= P (OP1 ⊕OP1(1)) // // P1 .
See [15, Ex. 3.40] for further details.
For X2 we are in case (4) of Theorem 0.1, being γ2 intbord and no maxbord
with respect to both the hyperplanes H2 and H3: we still get a symmetry giving
rise to two isomorphic fibrational contractions X2  P2. Let us consider the case
of the primitive collection supported by HP = H3. Recalling notation introduced in
§ 3.2.(2), H ′ is given by the hyperplane passing through q3 and q6, corresponding to
blowing down the divisor D4 = O(v4), so giving the contracting part φ
′ : X2 → B′,
over a toric projective threefold B′ of rank 2. This contraction can be described by
performing the following operation on the fan and weight matrices:
• suppress the column v4 in the matrix V , so getting
V ′ =
 1 0 0 −1 10 1 0 −1 1
0 0 1 −1 1

• suppress the column q4 and the second row in the matrix Q, so getting
Q′ =
(
1 1 1 1 0
0 0 0 1 1
)
= G(V ′) .
Then B′ is the blow up of P3 in one point, giving the geometric description of X2
as the blow up of P3 in two distinct points. The fibering part is then obtained by
writing B′ ∼= P(OP2 ⊕ OP2(1)), so giving f ′ : B′  P2, with fiber F ∼= P1. We get
then the fibrational contraction f ′ ◦ φ′ : X2 → P2 with fiber P1 and exceptional
locus D4 ∼= P2.
Example 3.2. Let us add a further generator to the weight matrix of the previous
example, so getting
Q =
 1 1 1 0 0 1 00 0 1 1 1 0 0
0 0 0 0 0 1 1
 =⇒ V = G(Q) =

1 0 0 0 0 −1 1
0 1 0 0 0 −1 1
0 0 1 0 −1 −1 1
0 0 0 1 −1 0 0

The associated Gale dual cone Q = 〈Q〉 = F 3+ and Mov(Q) ⊆ Q are represented
in Fig. 6. Chambers γ1 and γ3 are totally maxbord and maxbord, respectively, so
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Fig. 6: The section of the cone Mov(Q) and its chambers, inside the Gale dual cone
Q = F 3+, as cut out by the plane
∑3
i=1 x
2
i = 1, when V is the fan matrix given in
Example 3.2
giving the following sequences of two consecutive PTB
X1 ∼= P (OB1 ⊕OB1(h)) // // B1 ∼= P
(OP1 ⊕OP1(1)⊕2) // // P1
X1 ∼= P
(OB2 ⊕OB2(h)⊕2) // // B2 ∼= P (OP1 ⊕OP1(1)) // // P1 (3.6)
X3 ∼= P (OB3 ⊕OB3(h)) // // B3 ∼= P
(OP1 ⊕OP1(1)⊕2) // // P1 .
Let us then focus on the case of chamber γ2: we get a fiber type contraction ϕ :
X2 → P1 such that 〈q3〉 = ϕ∗(Nef(P1)) where ϕ can be obtained in two ways:
• starting from the first fibration X1 → P1 in (3.6), whose fibre is locally iso-
morphic to P1 × P2, contract a fibre P1 of the fibration X1 → B1 and resolve
the obtained singularity by a small blow up inserting an exceptional E ∼= P2:
this gives a fiber type contraction morphism X2 → P1 which is given by the
fibration X1 → P1 in which one fibre is replaced by E × P2;
• the same fibre type contraction ϕ can be symmetrically obtained from the third
fibration X3 → P1 in (3.6), by proceeding in the same way.
4. What about r ≥ 4 ?
This section is meant to study any possible extension of Theorem 1.3 to higher
values of the Picard number r ≥ 4.
Let us first of all observe that, on the one hand, Theorem 1.3 clearly holds
in dimension 2 for any rank: in fact every smooth, complete, toric surface X is
projective and if X 6∼= P2 then there exists a morphism f : X → P1, so that
f∗OP1(1) is nef and non-big.
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On the other hand, let us recall that, in 2009, Fujino and Sato [8] produced
a series of (counter-)examples, for every dimension n ≥ 3 and every rank r ≥ 5,
of smooth, projective, toric varieties whose Nef cone is not bordering i.e. their nef
divisors are all big divisors. Moreover in the case of complete and non-projective,
smooth, toric varieties, the classical Oda’s example [12, Prop. 9.4], [13, p. 84] exhibits
a complete, non-projective, toric threefold (i.e. smooth and 3-dimensional variety)
of rank 4, whose Nef cone is 2-dimensional and no bordering. This example can be
easily generalized in grater dimension by augmenting the multiplicity of suitable
columns inside a weight matrix, as done in 4.4 for the example 4.3.
Therefore it remains to understand what happens for smooth, projective, toric
varieties of dimension n ≥ 3 and Picard number r = 4.
On the one hand, the Oda-Miyake result [12, Thm. 9.6] allows us to conclude
that Theorem 1.3 can be extended to the case of dimension n = 3 and rank r = 4:
in § 4.2 we will consider in more detail this case, leading us to a classification of all
threefolds with Picard number r ≤ 4 (see the following Theorem 4.2).
On the other hand, for n ≥ 4 there is no hope of getting a similar statement,
due to counterexamples 4.3 and 4.4. Let us point out that it is quite hard to get
these examples by means of purely geometric considerations, as also Fujino and
Sato observed [8, pg. 1]. We discovered them with the help of Maple routines which
enabled us to treating the combinatorics of the primary and the secondary fans.
Unfortunately, we were not yet able to find time and willing of putting those routines
in a sufficiently user-friendly shape: it is a work in progress. Anyway we can provide
the raw Maple spreadsheet to anyone who was interested in.
The only property which can be arbitrarily generalized on the rank r is given by
Lemma 3.1. In fact it holds for every r ≥ 1, provided the existence of a primitive
nef (hence bordering) collection P = {VP } for a simplicial fan Σ: the latter is
guaranteed for a regular and projective fan by Batyrev’ results [1, Prop. 3.2]. Here
is a proof.
4.1. Proof of Lemma 3.1
The support hyperplane HP ⊂ F rR ∼= Rr, of the primitive collection P, cut out a
facet of Q = 〈Q〉 = Eff(X(Σ)). Let H be a hyperplane cutting out an adjacent facet
of Q. Then H ∩ HP contains r − 2 linearly independent columns q1, . . . ,qr−2 of
the weight matrix Q. For every qj ∈ P∗ let Hj be the hyperplane passing through
q1, . . . ,qr−2 and qj : then Hj cuts out a facet of the cone 〈QP\{j}〉, which contains
γΣ by Prpoposition 1.2.(ii.4). Let nj be a non zero normal vector to Hj such that
nj · x ≥ 0 for every x ∈ γΣ. (4.1)
There certainly exists an index j0 such that qj0 ∈ P∗ and nj0 · qj ≤ 0 for every
qj ∈ P∗. By absurd let β ∈ B(γΣ) be such that β(1) ∩ {QP } = ∅. Then nj0 · p ≤ 0
for every p ∈ β(1). Since γ is r-dimensional nj0 · x < 0 for every x in the interior of
γΣ, against (4.1) (see Fig. 7 for a description of this situation when r = 3).
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Fig. 7: The argument proving Lemma 3.1 when r = 3
4.2. Toric projective threefolds of Picard number 4
In the following threefold means a smooth and 3-dimensional variety. As a conse-
quence of [12, Thm. 9.6] one gets the following
Theorem 4.1. The statement of Theorem 1.3 can be extended to the case of toric,
projective threefolds of Picard number r = 4.
Proof. Let X(Σ) be a projective, smooth, toric, variety of dimension n = 3 and
rank r = 4. If X is not the blow up of a smooth toric variety of lower rank,
then [12, Thm. 9.6] ensures the existence of a smooth, projective, toric surface B of
rank 3 and such that X ∼= P(OB ⊕OB(D)), for some OB(D) ∈ Pic(B). This means
that, calling f : X  B the canonical fibration,
dim(γΣ ∩ ∂Q) = dim(f∗(Nef(B))) = 3 .
Therefore γΣ is maxbord w.r.t. a hyperplane H, which turns out to be the support
of the primitive nef collection P = {VP }, where P ⊂ {1, . . . , n + r} counts the
columns of Q not belonging to H.
We can then assume X → X ′(Σ′) to be the blow up of a projective, toric threefold
X ′ of rank 3. Then Theorem 1.3 applies to X ′ exhibiting a nef, primitive collection
P of Σ′ such that Nef(X ′) = γΣ′ is bordering w.r.t. the support hyperplane H ′P
of P i.e. dim(γΣ′ ∩ H ′P ) ≥ 1. Notice that |P| ≤ 3 otherwise one can easily obtain
X ′ ∼= P3, against rk(X ′) = 3. Let V ′ ∈M(3, n+ 3;Z) be a fan matrix of X ′. Then
a fan matrix of X is given by V = (V ′|v), where 〈v〉 is the ray associated with
the exceptional divisor E of the blow up. In particular for every cone σ ∈ Σ either
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σ ∈ Σ′ or 〈v〉 ⊆ σ ( σ′ ∈ Σ′. This is enough to show that P can’t be contained in
any cone of the fan Σ. Moreover, for every j ∈ P , consider a cone σ′ ∈ Σ′ such that
P\{vj} ⊂ σ′. Then either σ′ ∈ Σ or there exists σ ∈ Σ such that P\{vj}∪{v} ⊂ σ,
since |P\{vj} ∪ {v}| ≤ 3. Then P turns out to be a primitive nef collection of Σ,
too. Let HP be its support hyperplane in Cl(X) ⊗ R ∼= R4: clearly HP cuts out a
facet of Q since P is nef. Moreover dim(γΣ ∩HP ) = dim(γΣ′ ∩H ′P ) ≥ 1, showing
that γΣ is bordering w.r.t. HP .
The previous Theorem 4.1 and Theorem 0.1 allow us to obtain the following
classification of threefolds with Picard number r ≤ 4.
Theorem 4.2. Let X(Σ) be a toric, projective threefold of Picard number 2 ≤ r ≤
4. Then there exists a fiber type contraction ϕ : X  B over a smooth projective
toric surface B, whose Picard number rB ≤ 3, such that either B ∼= P2 or B is
(possibly a blow up of) a PTB over P1. In particular we get the following:
Classification:
(1) r = 1 and X ∼= P3;
(2) r = 2 and ϕ is a fibration exhibiting X as a PTB over P2;
(3) r = 3 and ϕ : X → B is a fibration exhibiting X as a PTB over a smooth toric
surface B of Picard number 2, which is still a PTB over P1, meaning that X is
obtained from P1 by a sequence of two projectivizations of decomposable toric
bundles;
(4) r = 3 and ϕ = f ◦φ is a fibrational contraction over P2 such that φ : X → X ′ is
a blow up and f exhibits X ′ as a PTB, X ′ ∼= P(OP2 ⊕OP2(a)), for some a ≥ 0;
(5) r = 4 and ϕ : X → B is a fibration exhibiting X as a PTB over a blow up B
of a Hirzebruch surface P(OP1 ⊕OP1(a)), for some a ≥ 0,
(6) r = 4 and ϕ = f ◦ φ : X → B is a fibrational contraction over a smooth toric
surface of Picard number 2, such that φ : X → X ′ is a blow up and f : X ′ → B
is a PTB over B ∼= P(OP1 ⊕OP1(a)), for some a ≥ 0;
(7) r = 4 and ϕ = f ◦ φ is a fibrational contraction over Pm, with m = 1, 2, such
that φ = φ′′ ◦ φ′ is a double blow up of a toric threefold X ′′ and f exhibits X ′′
as a PTB over Pm.
Proof. Cases from (1) to (4) are precisely the 3-dimensional occurrence of the same
cases in Theorem 0.1.
Let us then assume r = 4. Theorem 4.1 ensures that the chamber γΣ can be
assumed to be bordering w.r.t. the support hyperplaneHP of a nef (hence bordering)
primitive collection P = {VP }. The hyperplane HP cuts out a facet of Q = 〈Q〉: in
particular 1 ≤ dim(Nef(X) ∩HP ) ≤ 3.
On the one hand, if dim(Nef(X) ∩ HP ) = 3 (i.e. γΣ is maxbord) then X is
a PTB, X ∼= P(OB ⊕ OB(D)), where B is a smooth toric surface of rank 3 and
OB(D) ∈ Pic(B). In particular B turns out to be the blow up of a Hirzebruch
surface P(OP1 ⊕OP1(a)), for some a ≥ 0, so giving part (5) in the statement.
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On the other hand, if dim(Nef(X) ∩HP ) ≤ 2 then [12, Thm. 9.6] implies that
X has necessarily to be a blow up of a toric threefold X ′ of rank r′ = 3 and
Theorem 0.1 applies to X ′. Since dim(X ′) = 3 we have only to consider cases (3)
and (4) in Thm. 0.1. The former gives part (6) in the statement and corresponds
to having dim(Nef(X) ∩ HP ) = 2. The latter gives part (7) in the statement and
corresponds to having dim(Nef(X) ∩HP ) = 1.
4.3. A 4-dimensional counterexample with Picard number 4
Consider the following reduced F and W matrices, V and Q respectively,
V =

1 0 0 −1 0 1 −1 0
0 1 0 1 0 0 −1 1
0 0 1 1 0 −1 0 1
0 0 0 0 1 −1 1 0

Q = G(V ) =

1 0 0 1 0 1 1 0
0 1 1 0 0 1 1 0
0 0 1 1 1 2 1 0
0 0 0 0 0 1 1 1

It turns out that |SF(V )| = 10. All these fans give rise to projective, Q-factorial
toric varieties of dimension and rank n = 4 = r: 8 of them are regular fans, giving
rise to as many smooth projective toric varieties.
Given a fan Σi ∈ SF(V ), 1 ≤ i ≤ 10, let γi = Nef(X(Σi)) be the associated
chamber of the secondary fan. Then we get
γ1 = 〈q3,q4,w1,w4〉 smooth (4.2)
γ2 = 〈q4,w1,w2,w4〉 smooth
γ3 = 〈q3,w1,w3,w4〉 smooth
γ4 = 〈q7,w2,w3,w5〉 singular
γ5 = 〈q3,q4,q6,w4〉 smooth
γ6 = 〈q6,q7,w2,w3〉 singular
γ7 = 〈q3,q6,w3,w4〉 smooth
γ8 = 〈w1,w2,w3,w4,w5〉 smooth
γ9 = 〈q4,q6,w2,w4〉 smooth
γ10 = 〈q6,w2,w3,w4〉 smooth
where Q = (q1, . . . ,q8) and
w1 =

1
1
1
0
 , w2 =

2
1
2
1
 , w3 =

1
2
2
1
 , w4 =

2
2
3
1
 , w5 =

2
2
2
1

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The pseudo-effective cone Eff(X(Σi)) = 〈Q〉 = 〈q1,q2,q5,q8〉 = F 4+ is given by
the positive orthant of F 4+ ⊂ F 4R = Cl(X(Σi)) ⊗ R ∼= R4: then a chamber γi is
bordering if and only if it admits a generator with some 0 entry. Therefore γ10
is no-bordering, meaning that X = X(Σ10) is a smooth, projective, toric variety
whose nef cone Nef(X) is internal to Eff(X): then every nef divisor of X is big.
Maximal cones of the fan Σ10 are the following
Σ10(4) = {〈2, 4, 5, 7〉, 〈4, 5, 7, 8〉, 〈3, 4, 7, 8〉, 〈3, 4, 6, 7〉, 〈2, 4, 6, 7〉, 〈3, 5, 7, 8〉,
〈2, 4, 5, 8〉, 〈1, 3, 5, 7〉, 〈2, 5, 6, 7〉, 〈3, 4, 6, 8〉, 〈2, 4, 6, 8〉, 〈1, 5, 6, 7〉,
〈1, 3, 6, 7〉, 〈1, 3, 5, 8〉, 〈1, 2, 5, 8〉, 〈1, 2, 5, 6〉, 〈1, 3, 6, 8〉, 〈1, 2, 6, 8〉}
where we adopted the notation 〈i, j, k, l〉 := 〈vi,vj ,vk,vl〉.
A geometric description of X can be obtained by observing that γ1 is a maxbord
chamber w.r.t. H4 : x4 = 0, where x1, x2, x3, x4 are coordinates of F
4
R
∼= R4: in fact
q3,q4,w1 ∈ H4. Then, following methods described in [15, § 3], one observes that
Q ∼

1 0 0 1 0 0 0 −1
0 1 1 0 0 0 0 −1
0 0 1 1 1 0 −1 −2
0 0 0 0 0 1 1 1

Calling X1 := X1(Σ1), the fact that γ1 is maxbord w.r.t. H4 implies that the
bottom row of Q gives a primitive relation of Σ1 and X1 is a PTB over a smooth
toric surface B of Picard number 3. Namely, the submatrix Q′ of Q, obtained by
deleting the bottom row and the columns q6,q7,q8, giving the primitive collection
of Σ1 supported by H4, is
Q′ =
 1 0 0 1 00 1 1 0 0
0 0 1 1 1
 ⇒ V ′ = G(Q′) = ( 1 0 0 −1 1
0 1 −1 0 1
)
There exists a unique fan Σ′ ∈ SF(V ′) and B = B(Σ′) turns out to be a blow up
in one point of P1 × P1. Let e be the exceptional P1 of the blow up and h1, h2 be
the strict transforms of the generators of Pic(P1 × P1). Then
X1 ∼= P (OB ⊕OB(e)⊕OB(h1 + h2 + 2e)) .
By observing that the pseudo-effective cone 〈Q〉 is symmetric w.r.t. the hyperplane
of F 4R passing through q5,q7,q8 and the origin, we obtain at least two isomorphic
ways of describing the toric flip X1 99K X, which is an isomorphism in codimension
1. In any case, it is realized by at least three consecutive wall-crossings whose wall
relations are given by multiplying the respective inward normal vectors against the
columns of Q. The two minimal isomorphic sequences of flips follow by the following
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chambers’ adjacencies
γ7 oo
〈q3,w3,w4〉
n7
// γ3 ``
〈q3,w1,w4〉
n3   
γ10
}}
〈q6,w3,w4〉
n10
==
aa
〈q6,w2,w4〉 !!
γ1
γ9 oo 〈q4,w2,w4〉
// γ2
~~ 〈q4,w1,w4〉
>>
(4.3)
in which common facets of adjacent chambers have been spelled out. Since the
involved chambers are simplicial, inward normal vectors to the facets of the chamber
γi (i 6= 8) are easily determined by the rows of the inverse matrix G−1i , where Gi is
the 4× 4 integer matrix defined by the generators of γi, as given in (4.2).
Let us choose the upper sequence in (4.3). By the following inverse matrices
G−110 =

−1 −1 1 1
0 0 1 −2
1 0 −1 1
0 1 −1 1
 , G−17 =

−1 −1 1 1
1 0 0 −1
0 1 −1 1
−1 0 1 −1
 ,
G−13 =

−1 0 1 −1
0 −1 1 0
1 1 −1 −1
0 1 −1 1

one can easily deduce that the inward, w.r.t. γ10, normal vector to the common
facet γ10∩γ7 = 〈q3,w3,w4〉 is n10 = (1, 0,−1, 1); analogously n7 = (−1,−1, 1, 1) is
the inward, w.r.t. γ7, normal vector to γ7 ∩ γ3 = 〈q3,w3,w4〉 and n3 = (0, 1,−1, 1)
is the inward, w.r.t. γ3, normal vector to γ3 ∩ γ1 = 〈q3,w1,w4〉. The wall relations
are then given by
n10 ·Q = (1, 0,−1, 0,−1, 0, 1, 1)
n7 ·Q = (−1,−1, 0, 0, 1, 1, 0, 1)
n3 ·Q = (0, 1, 0,−1,−1, 0, 1, 1)
meaning that the associated sequence of flips
X1
ϕ399K X3
ϕ799K X7
ϕ1099K X
is defined as follows:
• ϕ3 contracts D4 ∩D5 and ϕ−13 contracts D2 ∩D7 ∩D8
• ϕ7 contracts D1 ∩D2 and ϕ−17 contracts D5 ∩D6 ∩D8
• ϕ10 contracts D3 ∩D5 and ϕ−110 contracts D1 ∩D7 ∩D8
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where, as usual the prime divisor Di is the closure of the torus orbit Di = O(vi),
whose definition does not depend on the fan choice in SF(V ). To give an account of
what is the modification induced by the codimesion 1 isomorphism ϕ = ϕ10◦ϕ7◦ϕ3,
notice that Nef(B) = 〈q′3,q′4,w′1〉, where q′i are columns of Q′ and w′1 =
11
1
.
Calling pi the canonical projection X1 → B, then
pi∗ (Nef(B)) = 〈q3,q4,w1〉 ⊂ Nef(X1) = 〈[D1], [D3], [D4]〉 = 〈[D2], [D3], [D4]〉
describes the locus of non-big divisors inside Nef(X1). Then ϕ modifies the inter-
section properties of these divisors so that they are no more nef on X. This fact can
be directly checked by observing that NE(X) =
〈
(G−110 )
T
〉
.
Recalling [7, Thm. 1.4], the inverse matrix G−110 is essential to determining the
primitive relations generating Nef(X), given by
G−110 ·Q ·
v1...
v8
 =

−v1 − v2 + v5 + v6 + v8
v3 + v4 + v5 − v7 − 2v8
v1 − v3 − v5 + v7 + v8
v2 − v4 − v5 + v7 + v8

Notice that their sum gives the primitive relation v6 + v7 + v8, corresponding to
the bottom row of Q.
Let us finally observe that the anti-canonical class in Cl(X) is given by
[−KX ] = Q ·
 1...
1
 =

4
4
6
3
 = q6 + w2 + w3
meaning that [−KX ] ∈ ∂Nef(X). Therefore −KX is a non-ample, nef and big
divisor i.e. X is a weak Fano toric fourfold (see also [17, § 3] for more details).
4.4. Generalizing the counterexample to higher dimension
Consider the W-matrix Q defined in 4.3. The definition (1.1) of Mov(Q) implies that
the column q7 of Q always belongs to (the boundary of ) Mov(Q). Actually it turns
out that Mov(Q) = 〈q3,q4,q6,q7,w1〉. Therefore augmenting the multiplicity of
q7 produces positive, REF, W -matrices
Qs =

1 0 0 1 0 1
0 1 1 0 0 1
0 0 1 1 1 2
0 0 0 0 0 1
s times︷ ︸︸ ︷
1 · · · 1
1 · · · 1
1 · · · 1
1 · · · 1
0
0
0
1

giving the same secondary fan than Q, i.e. Γ(Qs) = Γ(Q).
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But Vs = G(Qs) ∈ M(s + 3, 4;Z) is a fan matrix of (s + 3)-dimensional toric
varieties. As above |SF(V )| = 10 and 8 of these fans give smooth, projective, toric
varieties of dimension n = s + 3 ≥ 4 and rank r = 4. The same choice of the
chamber γ10 = 〈q6,w2,w3,w4〉 gives a n-dimensional, smooth, projective, toric
variety X = X(Σ10) whose non-trivial nef divisors are big.
For a geometric description of X, let us proceed as above:
Qs ∼

1 0 0 1 0 0 0 · · · 0 −1
0 1 1 0 0 0 0 · · · 0 −1
0 0 1 1 1 0 −1 · · · −1 −2
0 0 0 0 0 1 1 · · · 1 1

gives
X1 = X1(Σ1) ∼= P (OB ⊕OB(e)⊕s ⊕OB(h1 + h2 + 2e)) ϕ // X
where B is still a blow up in one point of P1×P1 and the same wall-crossings as above
describe the equivariant birational equivalence and isomorphism in codimension 1
ϕ = ϕ10 ◦ϕ7 ◦ϕ3. Finally one can easily notice that [−KX ] 6∈ Nef(X), for any s > 1.
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